We propose an asymptotic preserving nodal discretization of the hyperbolic heat equation, also known as the P 1 equation, on unstructured meshes in 2-D. This method, in diffusive regime, overcomes the problem of the inconsistent limit with diffusion, of classical multidimensional extensions of 1-D asymptotic preserving schemes, based on edge formulation. We provide both theoretical and numerical results.
Introduction
The transport equation, in highly scattering regimes, has a limit in which the dominant behavior is given by the solution of a diffusion equation. Angular discretizations like the discrete ordinate method (S N ), the truncated spherical harmonic expansion (P N ) or also nonlinear moment models have the same property. For such systems it would be interesting to construct finite volume schemes on unstructured meshes which have the same dominant behavior even if the meshes are coarse. Indeed these models can be coupled with a lagrangian hydrodynamics codes (ICF simulations) which generate very distorted meshes. Such schemes are generally called diffusion asymptotic preserving (AP) schemes and are designed presently at most on Cartesian meshes. We refer to [3, 4, 8, 14, 17, 20, 22] . All these methods may be viewed as variants of the wellbalanced schemes that were proposed in the seminal work of [15] . In this work we give some answers for unstructured meshes, when considering the lowest order possible angular discretization of the transport equation that is the P 1 model also refereed to as the hyperbolic heat equation, the Cattaneo's equation, the first order formulation of the telegraph equation or the damped wave equation. We start from the modified upwind AP scheme proposed by Jin and Levermore [17] for this equation in 1-D. We show that extended in 2-D on unstructured meshes, the classical edge formulation of this scheme (and also for other AP schemes) is no longer asymptotic preserving. To solve this problem, we propose new schemes built on a nodal formulation of the Jin and Levermore's scheme which use the analogy between P 1 model and acoustic equations for which schemes with corner's fluxes have been built in the context of gas dynamics [23, 24] .
Our model equation is the hyperbolic heat equation in dimension one
(1) Throughout this work we will assume that 0 < ε ≤ 1 and σ > 0. We will also assume that the solution ( p, u) of (1) is such that for all (m 1 , m 2 ) ∈ N 2 , there exists C m 1 ,m 2 > 0 such that
These estimates can be proved by standard means for the solution of the Cauchy problem for (1). The estimate for u is equivalent to say that
It is well known that if ε goes to 0, the system (1) can by approximated by the diffusion equation
For simplicity σ is constant in space even if our final numerical test uses a non constant σ . In this work we study asymptotic preserving numerical methods, following the seminal work [17] , that is numerical methods such that the compatibility between (1) and (2) is true also at the discrete level. After a review of some asymptotic methods in 1-D, we will consider the telegraph equation in dimension two
The organization of this work is as follows. In Sect. 2 we propose a review of the basic AP schemes for the telegraph equation in dimension one. In Sect. 3 we generalize these methods in dimension two and study various properties of the methods. In the next Sect. 4 we give a rigorous proof of the convergence of the limit diffusion scheme and explain why the scheme is indeed AP. After giving in Sect. 5 some details about the numerical implementation, we give in Sect. 6 the result of various test problems which show that the proposed method is AP in practice. After that we conclude in Sect. 7.
